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1. INTRODUCTION
w xThe theory of monotone dynamical systems developed by Hirsch 2 has
proved to be very successful in the study of the asymptotic behavior of
solutions of competitive and cooperative systems of differential equations.
w x w xRecently, Smith 4 and Takac 5]7 have partially extended some ofÂÆ
Hirsch's results in order to study non-autonomous periodic equations. In
this article we complement some of Smith and Takac results that areÂÆ
applied in order to study a model for single-species non-linear discrete
diffusion with time-varying coefficients. Models for single-species linear
w xdiscrete diffusion were studied in 1, 3 obtaining results about extinction
and persistence of the species. The systems studied in these articles are of
the form
n
x s x f x q D x y x , 1 F i F m , 1.1 .  .  .Ç i i i i j i j
js1
where x represents the population density of the species at the i-patch, fi i
the growth rate of the species at the i-patch, and D is the diffusioni j
coefficient for the species from the i-patch to the j-patch.
In the above model it is implicitly assumed that the species is able to
move between interconnected patches with equal probability. We general-
ize the model in order to take into account non-homogeneous dispersal in
the sense that the species move between patches with different probabili-
ties depending in time and direction; that is, we consider the following
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periodic equation
m m
q y
x s a t x y x y b t x y x q x f t , x ; .  .  .  .  .Ç  i i j j i i j j i i i
js1 js1
1 F i F m , 1.2 .
  ..   ..where a t and b t are nonnegative and irreducible matrices,i j i j
q  4 y  4x s max x, 0 and x s max yx, 0 . As a particular case we have that, if
 .a s b , then 1.2 becomesi j i j
m
x s a t x y x q x f t , x ; 1 F i F m , .  .  .Ç i i j j i i i
js1
 .which is the non-autonomous counterpart of 1.1 .
 .System 1.2 leads us to consider equations of the form
x s D t , x q F t , x , 1.3 .  .  .Ç
m m   .where D : R = R ¬ R is positive homogeneous in x D t, a x sq
 . .  .   .  ..aD t, x if a ) 0 and F t, x s x f t, x , . . . , x f t, x .1 1 1 m m m
In Section 4 we study the cooperative and irreducible system,
x s D t , x , 1.4 .  .Ç
where D is continuous, T-periodic in t, locally Lipschitz continuous in x
and positive homogeneous in x. The results in this section are obtained as
corollaries of the results in Section 2, in which we prove the existence of
principal eigenvalues for the positive homogeneous and strictly increasing
m m  .maps T : R ¬ R , including the Poincare map of 4 . The results inq q
w xSection 2 can be seen as complements of the main theorem in Takac 6 .ÂÆ
Sections 5 and 6 are devoted to the study of extinction and existence of
 .coexistence states for Eq. 1.3 .
2. MONOTONE INCREASING MAPS
Notation. Given x, y vectors in R m, we write x F y in case the specific
inequality holds componentwise, x - y in case x F y and x / y, and
 m. 5 5 < < < <x < y if y y x g Int R . We write x s x q ??? q x if x sq 1 m
 .x , . . . , x .1 m
In the rest of the paper we will use the following definitions.
Given a cone K of R n, and T : K ¬ K we say that:
 .  .  .i T is strongly increasing if x - y implies T x < T y .
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 .  .  . w x ii T is sublinear if aT x F T a x for a g 0, 1 note that, in this
 .  . .case, T b x F b T x if b G 1 .
 .  .  .iii T is positi¨ e homogeneous if T a x s aT x for a ) 0.
We define
H s T : R m ¬ R m : T is continuous, strongly increasing, q q
and positive homogeneous4
S s S : R m ¬ R m : S is continuous, strongly increasing, and sublinear . 4q q
THEOREM 2.1. Let T g H. Then, there exists a unique real number l such
 .  .that T x s l x for some x 4 0. Furthermore, if T y s l y for some0 0 0 0 0
y 4 0, then y s b x , for some b ) 0.0 0 0
Proof. Let
m 5 5K s x g R : x s 1 . 4q
K is a compact and convex set. Let us define
T x .
w : K ¬ K , w x s . .
5 5T x .
If we now apply Schauder's Fixed Point Theorem, w has a fixed point x ;0
that is, there exists x in K such that0
T x .0
w x s x s . .0 0 5 5T x .0
5  .5The existence part of the theorem follows now by taking l s T x .0
 .Note that w x 4 0, ; x g K, and, hence, l ) 0 and x 4 0.0
 .Suppose now that there exists y 4 0 such that T y s m y , with0 0 0
m ) 0. Let
 4b s inf a ) 0 : y F a x .0 0
 .We have that y F b x and from this follows m y F T b x . Using now0 0 0 0
 .  .  .the fact that T b x s b T x s bm x we then have y F blrm x0 0 0 0 0
and, consequently, blrm G b. From this follows l G m. Analogously, we
obtain m G l and, hence, m s l.
 .Suppose now that y / b x . This implies l y s m y s T y <0 0 0 0 0
 .T b x s bl x . Then y < b x , which contradicts the definition of b.0 0 0 0
So it must be that y s b x and the proof is complete.0 0
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Remark 2.2. This result is also a consequence of Theorem 3.5 of
w x7 . This article was published while our article was being submitted to
revision.
In all that follows we will denote the real number l given by Theorem
2.1 by l , and we will call it the principal eigen¨alue of T. We also denoteT
m  . 5 5by x the unique vector in R satisfying T x s l x , x s 1. ItT q T T T T
follows from the above theorem that l ) 0.T
w xAs a consequence of Theorem 1.3 of 5 we have:
 n .4COROLLARY 2.3. If l s 1 then T x con¨erges for all x G 0. More-T
n .  .o¨er, if we write lim T x s t x . x , the functionT
mt : R ¬ 0, q` , x ¬ t x.  .q
is continuous and homogeneous.
Proof. From Theorem 2.1 we have
 4Fix T s a x : a G 0 . . T
Given x g R m, let us fix M ) 0 such that x - Mx . From this we haveq T
n . n .  n .4T x < T Mx s Mx and T x is bounded and, hence, relativelyT T
w x w xcompact. The proof now follows from Theorem 1.3 of 5 with J : 0, 1 ¬
m  .   .  .R , J t s t Mx note that, if 0 F x F Mx then 0 F T x F T Mx sq T T T
.Mx .T
COROLLARY 2.4. Let S F T , with S g S and T g H. If l - 1 thenT
n . mS x ª 0 as n ª `, for all x g R .q
Proof. Given x g R m, let us fix M ) 0 such that x F Mx . Thisq T
n . n .  .nimplies that T x F T Mx s l Mx ª 0 as n ª `. On the otherT T T
n n .  .hand, S x F T x for all n G 1, which completes the proof.
COROLLARY 2.5. Gi¨ en T g H, S g S such that l s 1 andT
S x < T x , ; x 4 0, .  .
n .then S x ª 0 as n ª `.
Proof. We claim that S has no positive fixed points. To show this, let us
 .assume on the contrary that S x s x , for some x 4 0, and fix y 4 00 0 0 0
 .  4such that T y s y . Defining b s min a ) 0 : x F a y , we then have0 0 0 0
 .  .  .  .x F b y and so x s S x < T x F T b y s b T y s b y . This0 0 0 0 0 0 0 0
contradicts the definition of b and proves our claim.
 .  .On the other hand, S y < T y s y and the proof follows from0 0 0
w xTheorem 1.1 of 6 .
TINEO AND RIVERO350
 .PROPOSITION 2.6. Let S, T g H be such that S F T and S x s x ,0 0
 .T x s x , with x 4 0, i s 0, 1. Then x s b x , for some b ) 0.1 1 i 0 1
 4Proof. Let us define b s inf a ) 0 : x F a x and suppose x / b x .0 1 0 1
Since x F b x , we have0 1
x s S x < S b x F T b x s b x . .  .  .0 0 1 1 1
This result contradicts the choice of b.
LEMMA 2.7. Let S, T g H with S F T. Then:
 .i l F l .S T
 .  .  .ii If S x - T x for all x 4 0, then l - l .S T
 .Proof. i Without loss of generality we can assume l s 1. Let x ,S 0
 .  . x 4 0 be such that S x s x , T x s l x . Let b s min a ) 0 : x F1 0 0 1 T 1 0
4a x . We then have1
x s S x F S b x F T b x s bl x . .  .  .0 0 1 1 T 1
From this follows bl G b , and l G 1.T T
 .ii Let us suppose that l s l and let l s l s l . We haveT S T S
 y1 . .  y1 . .l S x s x , l T x s x , and, by Proposition 2.5, x s x . FromS S T T T S
 .  .this follows S x s T x , which contradicts the hypothesis.T T
Note 2.8. Let us introduce in the space H the topology of uniform
convergence on compact sets of R m. This topology is equivalent to theq
 m 5 5 4 < <uniform convergence on the set x g R : x s 1 . Since l s l sq T T
5  .5 5  .5T x F sup T x , the function from H ¬ R which assigns to TT 5 x 5s1
the value l is continuous.T
3. KAMKE'S THEOREM
 .Let us write f s f , . . . , f . We consider the system1 m
x s f t , x , 3.5 .  .Ç
where f : R = R m ¬ R m is a continuous function, t-periodic in t, andq
 .locally Lipschitz continuous in x. We recall that 3.5 is termed cooperative
 .  4if f t, x , . . . , x is increasing in x for all j / i and i g I [ 1, . . . , m .i 1 m j m
 .In the following we assume that f is cooperative and f t, 0 G 0 for all
 .t g R. Note that f t, x G 0 if x s 0, and so, ``the solutions starting ini i
the boundary of R m are well defined.''q
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 .  .Given a non-continuable solution u of 3.5 we denote its domain by
 . w xDom u . In 8 we can find the following version of a fundamental result
w xdue to 9 .
 .  .  .THEOREM 3.1. Let u, ¨ be solutions of 3.5 such that u s < ¨ s for
 .  .  .  .  .some s g Dom u l Dom ¨ . Then u t < ¨ t for all t g s, ` l
 .  .Dom u l Dom ¨ .
By classical arguments we can prove the following comparison result.
w x mPROPOSITION 3.2. Let u, ¨ : a, b ¬ R be continuously differentiableq
 .   ..  .   .. w x  .functions such that u t F f t, u t ; ¨ t G f t, ¨ t ; t g a, b and u a FÇ Ç
 .  .  . w x¨ a . Then, u t F ¨ t for all t g a, b .
 .  .  . mWe say that 3.5 or f is irreducible, if given s, x g R = R and0 q
 4nonempty disjoint subsets S, J of I s 1, . . . , m such that I s S j J,m m
 .  .  .there exists i, j g S = J and e ) 0 such that f t, x - f t, x q le ifi i j
< <  .  m 5 5 4t y s - e , x, x q le g B x , e [ z g R : z y x - e , and l ) 0.`j 0 0
Here, and henceforth, e , . . . , e denotes the canonical vector basis of1 m
m 5 5  < < < <4  . mR and x s max x , . . . , x if x s x , . . . , x g R .`q 1 m 1 m
 .Remark 3.3. Assume that 3.5 is cooperative and irreducible. Then,
 . mgiven s, x g R = R and a nonempty and proper subset J of I , there0 q m
 .  .exists i g I _ J and j g J such that f s, x q le ) f s, x for allm i 0 j i 0
l ) 0.
w xWe state without proof the following version of Kamke's Theorem 8 .
 .THEOREM 3.4. Assume that 3.5 is cooperati¨ e and irreducible and let
 .  .u s u , . . . , u , ¨ s ¨ , . . . , ¨ be solutions of the system such that1 m 1 m
 .  .  .  .  .  .u s - ¨ s and u s / ¨ s for some s g R. Then u t < ¨ t for all t g
 .  .  .s, ` l Dom u l Dom ¨ .
 .  .PROPOSITION 3.5. Let u be a solution of 3.5 such that u t / 0 for0
 .some t . Then, u t 4 0 for all t ) t .0 0
 .Proof. Let ¨ be the solution of 3.5 determined by the initial condition
 .  .  .  .  .¨ t s u t r2. By Theorem 3.4 , ¨ t < u t for t ) t and, by Proposi-0 0 0
 .   . .tion 3.2, ¨ t G 0 for all t ) t . Remember that f t, 0 G 0 . So, the proof0
is complete.
4. PRINCIPAL EIGENVALUES
Given t ) 0, we define L as the subset of all continuous functionst
f : R = R m ¬ R m such that:q q
 .L1 f is cooperative and irreducible,
 .  .L2 f t, x is t-periodic in t,
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 .  .L3 f t, x is locally Lipschitz continuous in x,
 .  .L4 f t, x is positive homogeneous in x.
Remark 4.1. If f g L then, f is globally Lipschitz continuous in x,t
5  .  .5 5 5that is, there exists M ) 0 such that f t, x y f t, y F M x y y . To
w x  .show this, let us fix t g 0, t . By L3 , there exists r ) 0 and M ) 00 0 0
5  .  .5 5 5 5 5 5 5 <such that f t, x y f t, y - M x y y if x F r , y F r and t y0 0 0
< w xt F r . Since 0, t is compact, there exist numbers r, M ) 0 such that0 0
w x 5 5 5 5our assertion is valid for t g 0, t and x , y F r. We know that
5  y1 .  y1 .5 y1 5 5  .f t, r x y f t, r y F Mr x y y and the proof follows from L4 .
As a corollary to the above remark we have that, if u is a solution of
 .  . w .3.5 and u t G 0, then u is defined on t , ` .0 0
EXAMPLE 1. For the case m s 2, let C be the class of all continuoust
w xfunctions a : R = 0, 1 ¬ R such that:
 .  .C1 a t, z is t-periodic in t,
 .  .C2 a t, z is globally Lipschitz continuous in z,
 .  .  xC3 a t, z rz is strictly increasing in z g 0, 1 ,
 .  .C4 a t, 0 ) 0 for all t g R.
If m s 2 it is easy to show that f g L , if and only if there exist a , b g Ct t
 .  .   .y1 .   .y1 ..  .such that f t, x, y s x q y a t, x q y x , b t, x q y y if x, y
 .  .  .  .  ./ 0, 0 . In fact, a t, x s f t, x, 1 y x and b t, y s f t, 1 y y, y if1 2
 .f s f , f .1 2
 w x.  .EXAMPLE 2 see 7 . Let r s r , . . . , r , with 0 - r - ` for i s1 m i
  ..1, . . . , m. Consider the m = m matrix A s a t , a nonnegative andi j
 .irreducible matrix with a t t-periodic functions for i, j s 1, . . . , m.i j
r. m m r. .Define the mapping A : R = R ¬ R by A t, x s y withq q
1rr in
r miy s a t x for i s 1, . . . , m and x g R . .i i j j q /
js1
We have that Ar. is in L .t
In all that follows we consider L as a topological space with thet
topology of uniform convergence on sets of the form R = K with K ; R mq
compact.
Note 4.2. Let us consider the mapping P defined between the spaces
L and H,t
P : L ¬ H , P f s p , .t f
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 .where p is the Poincare operator associated with Eq. 3.5 . The fact thatÁf
this mapping is well defined follows from:
 .  .  .i As the solutions of 3.5 are defined for all t G 0, p x is wellf 0
defined for every x g R m,0 q
 .ii p is homogeneous for every f g L ,f t
 .iii p is strongly increasing, since Theorem 3.4 holds.f
 .Note 4.3. By Proposition 3.2, the map P is monotone. That is, P f F
 .  .  .  .P g if f F g. Moreover, if there exists s g 0, t such that f s, x / g s, x
 .  .for all x 4 0, then p x < p x for all x ) 0.f g
 .  .Proof. Let us fix x ) 0 and let u resp. ¨ be the solution of x s f t, xÇ0
  ..  .   . .resp. x s g t, x such that u 0 s x resp. ¨ 0 s x . We claim thatÇ 0 0
 .  . w xu z / ¨ z for some z g 0, t . To show this, let us assume, on the
 .  . w x   ..  .  .contrary, that u t s ¨ t for all t g 0, t . Then f t, u t s u t s ¨ t sÇ Ç
  ..   ..   ..   ..g t, ¨ t s g t, u t , and so f s, u s s g s, u s . This contradiction
 .proves our claim, since by Proposition 3.5, u t 4 0 for all t ) 0. Let w be
 .  .  .the solution of 3.5 satisfying the initial condition w z s ¨ z where z is
 .  .as above. By Theorem 3.4, u t < w t for z - t F t and by Proposition
 .  .  .  .  .3.2, w t F ¨ t for all t G z. From this follows that u t < w t F ¨ t ,
 .and the proof is complete. Because of the fact that p s u t , . . . , f , usingf
the theorem on the continuous dependence on parameters of the solutions
of differential equations, we can prove that the mapping P is continuous.
THEOREM 4.4. Gi¨ en f g L there exists a unique real number l such thatt
the equation
x s f t , x y l x 4.6 .  .Ç
has a positi¨ e t-periodic solution.
 .  .Proof. Let p be the Poincare map of 3.5 . By Proposition 4.1, p xf f
) 0 if x ) 0. Then, as a consequence of Theorem 2.1, we have, by taking
Ä Ä .T [ p , that there exists a unique real number l such that p x s l x ,f f 0 0
for some x 4 0.0
 .  .  .Let u be the solution of 3.5 such that u 0 s x and define ¨ t s0
y1 Ä .  .  .  .exp ylt u t where l s t ln l. Since u t q t s lu t , it is easy to
 .show that ¨ is a positive t-periodic solution of 4.6 .
The uniqueness part follows also from Theorem 2.1, and the proof is
complete.
The real number given by Theorem 4.3 will be referred to from now on
 .as the principal eigen¨alue of f and will be denoted by P f .e
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5 5Note 4.5. Given f g L we define the norm of f by, f st
5  .5 5 5 4sup f t, x : t g R, x s 1 . If we consider now the diagram
f fP 1 2
L ª H ª 0, ` ª R, .t
 .  . y 1  .  .where f T s l and f l s t ln l , we have P f s1 T 2 e
 . . f (f (P f , and so P is monotone and continuous in f. See Note2 1 e
. <  . < 5 52.7. Evidently, P f F f for f g C .e t
The following proposition follows easily from the previous notes.
PROPOSITION 4.6. Let f , g g L .t
 .  .  .i If f F g, then P f F P g ;e e
 .  .  .ii If f F g and there exists j such that f j , x / g j , x , ; x 4 0, then
 .  .P f - P g .e e
EXAMPLE. Let a : R ¬ R be a continuous t-periodic function and let
 .  .  .  .  .f g L be such that P f s 0. If g t, x s f t, x q a t x then P g st e e
y1 t  .a s t H a s ds.0
 .  .Proof. Let u s u , . . . , u be a positive t-periodic solution of 3.51 m
w  . xand let g be a positive t-periodic solution of the equation x s a t y a x.Ç
 .It is easy to show that g u is a solution of the equation x s g t, x y axÇ
and the proof is complete.
5. COOPERATIVE SYSTEMS
In the following, C denotes the set of all continuous functions f : R =t
R m ¬ R m such that:q q
 .  .1 f t, x is t-periodic in t and locally Lipschitz continuous in x.
 .2 f is cooperative and irreducible.
 .  .3 f t, 0 G 0 for all t g R.
 . mGiven x s x , . . . , x g R and R g R we write x G R if x G R for all1 m q i
i g I . Analogously, we put x F R if x F R for all i g I .m i m
 .PROPOSITION 5.1. Let f g C and suppose that there exists R g 0, `t
 .  .  .and g g L such that P g F 0 and f t, x F g t, x for x G R. If x is at e
 .  . w .solution of 3.5 and t g Dom x , then x is defined and bounded on t , ` .0 0
 .  .Moreo¨er, if 3.5 has no positi¨ e t-periodic solutions, then x t ª 0 as
t ª q`.
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Proof. Let u be a positive t-periodic solution of the equation x sÇ
 .  .  .  .g t, x y P g x and fix M ) Rrmin u such that Mu t ) x . Sincee 0 0
 .  .  .  .  .Mu 9 s g t, Mu y MP g u G g t, Mu G f t, Mu then, by Propositione
 .  . w .  .3.2, x t F Mu t for t g t , ` l Dom x and, hence, x is defined and0
w .bounded on t , ` .0
 .Assume now that 3.5 has no positive t-periodic solutions and let y be
 .the solution of this system determined by the initial condition y t s0
 .  .  .Mu t , where M is as before. By the above argument, y t F Mu t for all0
 .  .  .t G t and thus, y t q t F y t . Hence, 3.5 has a t-periodic solution z0 0 0
 .  .such that y t y z t ª 0 as t ª q`. In particular, z G 0 and, by our
 .  .assumption and Theorem 3.4, z ' 0. By Proposition 3.2, x t F y t for
t G t and the proof follows easily.0
PROPOSITION 5.2. Let f g C and suppose that there exists h ) 0 andt
 .  .  .  .h g L such that P h G 0 and f t, x G h t, x for 0 F x F h. If 3.5 hast e
0 w .a positi¨ e solution x defined and bounded in 0, ` , then the system has a
positi¨ e t-periodic solution.
Proof. Let u be a positive t-periodic solution of the equation x sÇ
 .  .  .  . 0 .h t, x y P h x and fix 0 - e - hrmax u such that e u 0 F x 0 .e
 .Define x as the solution of 3.5 determined by the initial condition
 .  .  .  . 0 .  .  .x 0 s e u 0 . Since e u 9 F f t, e u , then x t G x t G e u t for all t in
 . w .  .  .Dom x . In particular, x is defined and bounded on 0, ` and x T G x 0 .
 .  .  .Hence 3.5 has a t-periodic solution z such that x t y z t ª ` as
t ª q`. The proof follows now from the fact that z G e u.
6. NONLINEAR DISCRETE DIFFUSION
LOGISTIC EQUATIONS
Given the systems
x s D t , x q x f t , x , 1 F i F m , 6.7 .  .  .Çi i i i i
x s f r t , x , 1 F i F m , 6.8 .  .Çi i i
r .  .  .  .with f t, x [ D t, x q x f t, r , let f t, z be monotone decreasing ini i i i i
 .z, for i s 1, . . . , m, and D , . . . , D g L . With these hypotheses we have1 m t
the following result:
 .  . w xTHEOREM 6.1. i Extinction If there exists s g 0, t such that
  .  ..   .  ..f s, x , . . . , f s, x / f s, 0 , . . . , f s, 0 , ; i s 1, . . . , m, x , . . . , x1 1 m m 1 m 1 m
 .  .) 0 and 6.8 has a positi¨ e t-periodic solution for r s 0, then x t ª 0,i
; i s 1, . . . , m.
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 .  .  .ii Coexistence If 6.7 has a positi¨ e periodic solution, then there
 .exists r ) 0 such that the system 6.8 with r s r has a positi¨ e periodic0 0
 .solution. If , reciprocally, system 6.8 has a positi¨ e t-periodic solution for
 .some r s r ) 0, then 6.7 has a positi¨ e t-periodic solution and e¨ery0
 . w .positi¨ e solution of 6.8 is defined and bounded in 0, q` . Furthermore,
w xfrom Theorem 5.9 of 10 follows that e¨ery solution of 6.7 is asymptotic to a
periodic solution.
 .  .Proof. i Let us denote by F, F the second members of Eqs. 6.7 ,r
 .  .  .6.8 , respectively. We first note that F t, x is sublinear in x since f t, zi
is decreasing in z. From this follows that the Poincare map p is alsoÁ F
sublinear. On the other hand, p is homogeneous, and l s 1, byF p0 F 0 .hypothesis. Then, the result follows from Corollary 2.4 .
 .  .  .ii Let u s u , . . . , u be a t-periodic positive solution of 6.7 and1 m
let us take
a t [ f t , m , m s min u t , i s 1, . . . , m , t g R , 4 .  .  .i i i
b t [ f t , M , M s max u t , i s 1, . . . , m , t g R , 4 .  .  .i i i
c t [ f t , u t . .  . .i i i
We then have a G c G b , as a consequence of the monotonicity of f .i i i i
U  .  .  .  U U .  .Define F t, x s D t, x q c t x , F s F , . . . , F . Then P F* s 0i i i i 1 m e
  ..since u is a t-periodic solution of x s F* t, x and F G F* G F . Thus,Ç m M
 .  . w xP F G 0 G P F and then, there exists a value r g m, M such thate m e M 0
 .  .P F s 0, due to the fact that the mapping r ª P F is continuous.e r e r0
To prove the last part of the theorem let us consider R s r and apply0
 .  .Propositions 5.1, 5.2 with f s f , . . . , f , g s g , . . . , g , where1 m 1 m
f t , x s D t , x q f t , x x , .  .  . .i i i
g t , x s D t , x q f t , R x . .  .  . .i i i
 .  .  .  .We have f t, x F g t, x for x G R and f t, x G g t, x , for x F R. So,
 .applying these propositions we obtain that system 6.7 has a positive
t-periodic solution and every positive solution of this system is defined and
w .bounded in 0, ` .
 .Remark 6.2. Part i of Theorem 6.1 remains true if we assume only
that the system
x s D t , x q f t , 0 x q l x , 1 F i F m .  .Çi i i i i
has a positive T-periodic solution for some l G 0.
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 .Remark 6.3. Suppose that the f t, x are strictly decreasing in x andi i i
 .the hypotheses of Theorem 6.1, part ii are satisfied. Then from Theorem
w x  .5.5 of 10 follows that the positive t-periodic solution of 6.7 is unique.
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